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Abstract. This article proves a conjecture by S.-C. Liu and C.-C. Yeh about 
Catalan numbers, which states that odd Catalan numbers can take exactly 
k — 1 distinct values modulo 2*, namely the values C2I — 1, ■ ■ ■ , C2fe-i_i. 



0. Notation 

In this article we denote C„ := , '-^'AI' . the n-th Catalan number. We also define 
(2n + 1)!! := 1 X 3 X • • • X (2n + 1). For x an integer, i'2{x) stands for the 2-adic 
valuation of x, i.e. i'2{x) is the largest integer a such that 2" divides x. 



1. Introduction 

The main result of this article is Theorem II. 2 [ which proves a conjecture by S.- 
C. Liu and C.-C. Yeh about odd Catalan numbers [2|. To begin with, let us recall 
the characterization of odd Catalan numbers: 

Proposition 1.1. A Catalan number Cn is odd if and only i/n = 2° — 1 for some 
integer a. 

That result is easy, see e.g. [3]. 

The main theorem we are going to prove is the following: 

Theorem 1.2. For all k > 2, the numbers C2i_i, C22_i, . . . , C2fc-i_i all are dis- 
tinct modulo 2*^, and modulo 1^ the sequence (C2"-i)n>i is constant from rank 
k — 1 on. 

Here are a few historical references about the values of the C„ modulo 2*^. 
Deutsch and Sagan [Ij first computed the 2-adic valuations of the Catalan num- 
bers. Next S.-P. Eu, S.-C. Liu and Y.-N. Yeh [3] determined the modulo 8 values 
of the Cn- Then S.-C. Liu et C.-C. Yeh determined the modulo 64 values of the C„ 
by extending the method of Eu, Liu and Yeh in [5], in which they also stated 
Theorem 11.21 as a conjecture. 

Our proof of Theorem 1 1 . 2 1 will be divided into three parts. In Section [5] we will 
begin with the case fc = 2, which is the initialization step for a proof of Theorem ll.2l 
by induction. In Section[3]we will prove that the numbers C21-1, C22-1, . . . , C2fc-i_i 
all are distinct modulo 2'^. Finally in Section[5]we will prove that C2"-i = C2fc-i_i 
(mod 2'^) for all n > k — 1. 



Date: January 12, 2011. 



1 



2 



HSUEH-YUNG LIN 



2. Odd Catalan numbers modulo 4 

In this section we prove that any odd Catalan number is congruent to 1 modulo 4, 
which is Theorem 11.21 for fc = 2. Though this result can be found in [4J, I give a 
more "elementary" proof, in which I shall also make some computations which will 
be used again in the sequel. 

Before starting, we state two identities: 

Lemma 2.1. For any a > 3, the following identities hold: 

(1) (2"-l)!! = l (mod 2°); 

(2) (2°-3)!! = -l (mod 2'^+!). 

Proof. We are proving the two identities separately. In both cases we reason by 
induction on a, both equalities being trivial for a = 3. So, let a > 4 and suppose 
the result stands true for a — 1. First we have 

(2°-!)!! 1 X 3 X •■ • X (2°^i - 1) X (2°"i + 1) X •• • X (2° - 1) 

= 1 X 3 X • • • X {2"-^ - 1) X {-{2"-^ - 1)) X • • • X (-1) 

= (1 X 3 X ••■ X (2"-i - 1))2 X (-1)2°"' (mod 2"). 

Since, by the induction hypothesis, 1 x 3 x • • • x (2"^^ — 1) is equal to 1 or 2"^^ + 1 
modulo 2", we have (1 x 3 x • • • x (2°^^ — 1))^ = 1 (mod 2") in both cases, from 
which the first identity follows. 
For the second identity, 

(2" -3)!!= Y[ (2fc + l)- Y[ {2k +1). 

k=l fc=2»-2 

Reversing the order of the indexes in the first product and translating the indexes 
in the second one, we get 

(2" -3)!! = Yi (2""^ - (2A: + 1)) • [| (2'^-i + (2fc + 1)) 

fe=0 fc=0 
2''"^-2 

= Yl [2^^""^) - (2/c + l)2] 

fc=0 
2''"^-2 

= Y[ [-(2fc+l)^] = -(2""^-3)!!2 (mod2''+i). 

k=Q 

By the induction hypothesis, (2°~^ — 3)!! is equal to —1 or 2" — 1 modulo 2°+^, 
and in either case the result follows. □ 

Now comes the main proposition of this section: 

Proposition 2.2. Fore all integer a, C20-1 = 1 (mod 4). 

Proof Put n := 2" - 1. We want to prove that 4 | J^"_^j^y - 1 = ^^"iij^+i"!^^' ■ Let 
us denote a; := i/2[(2n)!]. Since C„ = is odd, one also has uj — i'2['^!('^ + l)']- 

Then, proving that 4 | ''^^^n<{n+l)^^''' equivalent to proving that 4 | -^^^ — . 
To do that, it suffices to show that "'(^+^)' = 1 (mod 4) and -^^^ = 1 (mod 4). 
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As io ^ iy2[n\{n + 1)!] = iy2[{nl)'^2'^] = a + 2zy2(n!), one has V2{nl) = {lo - a)/2, 
thus n!/2("~'')/2 is an odd number by the very definition of valuation. That yields 
the first equality: 

i!(n + l)! (n!)2(n + l) (n!)22° / n! \ ^ , , 



2(tu-a)/2 



Concerning the equality -^^^ = 1 (mod 4), it is easy to check for a < 2; now 
we consider the case a > 3, to which we can apply Lemma 12.11 For all i < a, put 
:= [(2°^'+^ - I)!]- For i < a, one has 

(2°-»+i - 1)! _ (2°-'+i-l)!!(nfJi''^2p) 

As the left-hand side of this equality is odd, so is its right-hand side, so that 
uJi + 2°^* — 1 is actually the 2-adic valuation of 2^^^* — 1. In the end, we have 
shown that 

Morevoer. for i = a it is immediate that (2°^*+^ — l)!/2"' = 1, whence 

(2n)! _ (2°+i-2)!_ 1 (2°+i - 1)! 
2" ~ 2" ~ 2'^+! - 1 2" 



1 (2-1-1)!! , (2^-1)! 



2a+l - 1 ^ ' 2'^1 

(2"+i - 1)!! • (2" - 1)1! ^ 



-)a+l 



fe=i 

a 

__ . (2«+i _ 1)!! . [1(2'^ - 1)!! 



a 



2a+l 

= (2'^+i-3)!!-[|(2'^-l)!!. 

k=l 

But, modulo 4, one has (2"+i - 3)!! = -I by in Lemma EH (2^ - 1)!! = 
1, (2^ - 1)1! = -1 and (2''^ - 1)!! = 1 for A: > 3 by ([l]) in Lemma EH whence 
(2n)!/2'^=l. □ 

Before ending this section, I highlight an intermediate result of the previous 
proof by stating it as a lemma: 

Lemma 2.3. For a>0, putting uj := i/2[(2''+^ - 2)!], 

a 

= (2"+i -3)!! • Y[{2'' - 1)!!. 



(2''+i -2)1 
2^ 



fe=i 
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3. Distinctness modulo 2^ of the C21-1, . . . , C2fc-i_i 

In this section we prove that for all fc > 2, the numbers C2i_i, . . . , C^^-i-i are 
distinct modulo 2*^. To begin with, we state a lemma which gives an equivalent 
formulation to the equality "C2"i-i = p (mod 2*'')". This lemma will be used in 
Sections [3] and HI 

Lemma 3.1. Let k > 2 and m > 1, then C2^-i = p (mod 2^) if and only if 

m 

(2'"+i-3)!!=p J|(2"-l)!! (mod 2'=). 

n=l 

Proof. Denote lo := j/2[(2™+i - 2)!] = z/2[(2™)!(2™ - 1)!] (recaU that C2--1 = 
(2^'")!(2'^-i)! odd). Applying Lemma [2731 

C2™_i=p (mod2*'-) 
(2'»+i-2)! 
' (2")!(2™ - 1)! ^ 
^ ^fe, (2"+i-2)! p(2")!(2--l)! 
I 2" 2" 

^ 2^= I (2"+i - 3)!! Jl (2" - 1)!! - P H (2" - 1)!! 

n=l \n=l / 

Cm \ / m \ 

J|(2"-l)!! (2™+i-3)!!-p]^(2"-l)!! . 

But nr=i(2" - 1)!! is odd, so C2™-i = p (mod 2'=) if and only if 2*^ divides 
((2™+! - 3)!! - pnr=i(2" - 1)!!), which is our lemma. □ 



Proposition 3.2. Let k > 2 be an integer. For all j G {1, . . . ,fc — 1}, C2J-1 ^ 
C2fc_i (mod 2'=+!). 

Proof. We prove this proposition by contradiction. Suppose there exists a j G 
{l,...,fc — 1} such that €23-1 = ^2(0-1 —: p (mod 2''+^). By Lemma [3.11 one 
would have 



p J]^(2" - 1)!! EE (2^+1-3)!! (mod 2'=+^), 

n=l 

and by Lemma 13. II and Fomula ([2]) in Lemma l2. 11 



k 

p [| (2" - 1)!! = (2'^+! - 3)!! = -1 (mod 2'=+^) 

n=l 
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As j + 2 < fc + 1, both equalities would remain true modulo 2-'+^. Thus one would 
have 

k 

-1 = pj|(2"-l)!! (mod 2^+2) 

n=l 

j k 

= ^11(2" - 1)!! X n " 

n— 1 n—j+1 
k 

= (2^+^-3)!! X W (2"-l)!! 

n=] + l 

k 

= (2^+1 -3)!! • (2^+1 - 1)!! X ]^ (2" - 1)!! 

EE (2^+1 - 3)!! • (2^+1 - 1)!! (by ^ in Lemma[2ll]) 

= (2J'+i-3)!!2. (2^+1-1) 

= 2^+1-1 (mod 2^+2) (by © in Lemma mi]), 
which is absurd. □ 



Thanks to the previous proposition, we prove the first claim of Theorem 11.21 

Corollary 3.3. For k > 2, the numbers C2i_i, C22„i, . . . , C2f!-i_i all are distinct 
modulo 1^ . 

Proof. The case fc = 2 is trivial. Let fc > 2 and suppose that, modulo 2*^, the num- 
bers C2i_i, C22_i, . . . , C2fc-i_i all are distinct, so that they are also distinct mod- 
ulo 2'=+!. By Proposition [S21 €2,-1 ^ C2<=_i (mod 2'^+^) for aU j e {1, . . . , fc - 1}, 
so the numbers C2i_i, C22_i, . . . , C2fc_i all are distinct modulo 2*^+^. The claim 
follows by induction. □ 

4. Ultimate constancy of the sequence of the C2"_i modulo 2*^ 



To complete the proof of Theorem 11.21 it remains to prove that the C2"-i all 
are equal modulo 2'^ for rt > fc — 1. 

Proposition 4.1. Let k > 2, then for all m > fc — 1, C2™-i = C2fc-i_i (mod 2*^). 

Proof. Denote C2fc-i_i =: p (mod 2'^'). We will show that C2™-i = p (mod 2'^) for 
all m > fc — 1 by induction. Let m > fc be such that the previous equality stands 
true for m — 1. By Lemma [01 it suffices to show that (2™+^ — 3)!! = pn™=i(2" ~ 
1)!! (mod 2*^). To do this, we are going to show that (2"+^ - 3)!! = (2™ - 3)!! 
(mod 2'=) and that pnr=i(2" - 1)!! = (2™ - 3)!! (mod 2'=). 
The first equality follows from the following computation: 

(2'"+i -3)!! 

= (2™ - 3)!! X (2" - 1) X (2" + 1) x • • ■ x (2 ■ 2" - 3) 

= (2™ -3)!! • (1 X 3 X ••• x (2*^ - l))^" ' (mod 2'=) 
= (2™ - 3)!! (by (P) in Lemma El]). 
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To get the other equahty, using again ([T]) in Lemma [27T1 one has 

m m — 1 m — l 

p [|(2" - 1)!! = (2"^ - 1)!! • p (2" - 1)!! = p J| (2" - 1)!! (mod 2*^). 

n— 1 n—1 n—1 

But by Lemma 13. 1[ the induction hypothesis means that pY[^=i i'^^ ~ = 
(2™ - 3)!! (mod 2*^), whence the result. □ 

5. Going further 

After the series of works on odd Catalan numbers modulo 2*^ this article belongs 
to, a natural question would be how many distinct even Catalan numbers there are 
modulo 2*^ and how these numbers behave. An idea to do this would be to study 
the Cn having some fixed 2-adic valuation. 

More generally, one could also wonder what happens for Catalan numbers mod- 
ulo p'^ for prime p, which is a question that mathematicians studying the arithmetic 
properties of Catalan numbers have been asking for a long time. 
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